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Abstract
It is argued that the cross section for production of large black holes, for which a semiclassical description is applicable,
cannot be given by the geometric area of the black hole horizon, as claimed recently in the literature. Rather the production
cross section in a few-particle collision is suppressed by at least a factor exp(−IE) with IE being the Gibbons–Hawking
(Euclidean) action for the black hole. Thus only essentially non-classical small black holes with mass of the order of the Planck
mass can possibly be produced in few-particle collisions at trans-Planckian energies.  2001 Published by Elsevier Science
B.V.
1. Introduction
Understanding nonperturbative effects of virtual
and real black holes in particle collisions is a long-
standing theoretical challenge [1,2]. One particular
problem related to such effects is that of the cross
section for production of black holes in particle col-
lisions at trans-Planckian energies [3–5]. The intrigue
in this problem stems both from the general issue
of ‘quantum gravity’ and from the not yet com-
pletely understood problem of production of semi-
classical field configurations in high-energy collisions
of quantum particles. The latter problem was exten-
sively tackled in a non-gravity setting in connection
with possible baryon and lepton number violating
processes in multi-TeV particle collisions in the stan-
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dard electroweak model, as well as generally in con-
nection with nonperturbative multi-boson production
in weakly coupled theories [6] and also with the catal-
ysis of a false vacuum decay by particle collisions [7].
Clearly, trans-Planckian collisions in the standard
gravity theory can only be of a purely ‘academic’ in-
terest in view of inaccessibility of the relevant energy
scale. The situation however changes in the recently
popular schemes with extra spatial dimensions of the
space–time, with the new dimensions having an un-
usually ‘large’ size [8]. In these schemes the equiv-
alent of the Planck scale for the multi-dimensional
gravity can be as low as in a TeV range, which sud-
denly brings the issue of trans-Planckian collisions
into relevance for the LHC and possible other real-
istic future colliders [9]. Most recently it has been
claimed [10,11] that (multi-dimensional) large black
holes should be copiously produced once the energy
of colliding partons sufficiently exceeds the effective
Planck scale, and that in fact such production can be
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a dominant process at LHC. This claim is based on
the estimate of the production cross section for a black
hole with horizon of a radius rH as given by the geo-
metric area of the horizon: σH ∼ πr2H . In particular,
the claimed cross section grows as energy in a positive
power (depending on the number of extra dimensions).
The purpose of this paper is to argue that the prob-
ability of production of a large black hole, i.e., with
the mass satisfying the semiclassical condition MH 
MPl, is not given by the geometrical cross section area,
but rather is suppressed by the factor exp(−IE) where
IE is the Gibbons–Hawking action [12] for the black
hole, IE ∝ (MH/MPl)(D−2)/(D−3), with D being the
total dimension of the space–time. It should be pointed
out that the suppression of production of large black
holes does not contradict the possibility [3,4] that pro-
duction of black holes can be prominent at trans-
Planckian energies. Rather it implies that the cross sec-
tion might be unsuppressed for processes with produc-
tion of only small black holes with mass MH of the
order of MPl, for which IE = O(1), and which can-
not be treated semiclassically, if a treatment of such
objects as resonances is possible at all.
Two lines of reasoning will be presented in this Let-
ter: one, in Section 2, based on the path integral ex-
pression for the transition amplitudes, and the other
one, in Section 3, based on statistical/thermodynamical
considerations. In the most part of the discussion here
a normal four-dimensional gravity theory is under-
stood, and the straightforward generalization to higher
dimensions is described in the concluding Section 4.
2. Path integral approach
The process under discussion is of the type
few→H , where the initial state contains few particles
(including the case of just two particles colliding), and
H stands for a black hole with mass MH MPl. The
specification “few” for the number of particles implies
here that the number of particles n is not considered as
a large parameter. A more detailed discussion of the
distinction between the quantum process at small n
and a classical process (essentially collapse) at large
n will be presented towards the end of this section.
The transition amplitude for the discussed process
is given by the path integral
(1)A( few→H)=
H(t=+∞)∫
few(t=−∞)
exp
(
iI [g,φ])DφDg
over all the field trajectories starting with incoming
few particles in the distant past and ending as an
outgoing black hole at t = +∞, and where I [g,φ]
is the action functional depending on the metric g
and all the rest fields, generically denoted as φ. The
probability then is given, up to non-exponential flux
factors, by
(2)P( few→H)=
∑
H
A†A,
where the sum runs over the states of the black hole.
For a large black hole a semiclassical calculation is
justified. In such calculation a classical black hole ex-
ists starting from an instance of time t0 (“the moment
of creation”) to t =+∞, so that the amplitudeA con-
tains the factor exp(i I [g¯]|∞t0 ) with the classical action
of the black hole, described by the metric g¯, and cal-
culated from the time t0 to t =+∞. As usual, the in-
tegration in Eq. (1) over an overall shift of t0 gives rise
to the energy conservation δ function in the transition
amplitude, thus for the purpose of evaluating the mag-
nitude ofA the value of t0 can be fixed arbitrarily, e.g.,
at t0 = 0. Furthermore, in order to dampen the oscilla-
tory integrand in the path integral in Eq. (1) at large t
the integration over time in the action should be shifted
to the lower complex half-plane of t : t → t − iτ . Then
in the product A†A the oscillatory part, correspond-
ing to the integration over the real axis of t , cancels,
and the result for the product is determined only by
integration along the imaginary axis:
(3)exp(2IE[g¯]|−τ0 )= exp(− IE[g¯]|τ−τ ),
where IE[g¯] is the Euclidean space action for a black
hole. Thus one arrives at the conclusion that the
probability in Eq. (2) contains an exponential factor,
determined by IE [g¯]:
(4)P( few→H)∼ exp(−IE[g¯]).
It should be pointed out that the saddle-point expres-
sion (4) describes the entire sum over the states of the
black hole. This follows from the fact that one classical
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configuration for the black hole with given ‘global’ pa-
rameters: mass MH , angular momentum J , and elec-
tric charge Q, corresponds to all quantum states with
these values of the parameters.
The classical action in Eq. (4) is well known from
the Gibbons–Hawking calculation [12]. For a non-
charged black hole 1 the Gibbons–Hawking result is
expressed in terms of MH and the angular momentum
J as IE[g¯] = IE(MH ,J ) with
(5)IE(MH ,J )= 2πGM2H
(
1+ 1√
1− j2
)
,
where G is the Newton’s constant, and j = J/(GM2H)
is the angular momentum in units of its maximal pos-
sible value. From this expression and Eq. (4) one con-
cludes that the probability of production of a large
semiclassical black hole is necessarily exponentially
suppressed. Moreover, the total probability of produc-
tion of black holes with mass MH and with differ-
ent angular momenta is dominated by the contribution
of slowly rotating black holes. Indeed, the summation
over the partial waves with different J is Gaussian and
the exponential factor is determined by small J :
P
( few→H(MH))
=
∑
J
(2J + 1)P ( few→H(MH,J ))
(6)∼ exp(−4πGM2H ).
In other words, the production of rapidly rotating black
holes with j ∼ O(1), which is argued in Ref. [10]
to be a typical process, is in fact even more heavily
suppressed by the semiclassical exponent, while the
typical angular momenta contributing to the sum (6)
are 〈J 〉 ∼√GMH .
There are at least few points, which merit discus-
sion in connection with derivation of the formula in
Eq. (4). The first one relates to specifying the imagi-
nary time τ for the limit of integration in Eq. (3). Ac-
cording to Ref. [12] the black hole metric is periodic
on the Euclidean section of space–time with the period
determined by (the inverse of) the Hawking tempera-
ture TH . The full path integral should contain summa-
1 Clearly, in a few particle process it is impossible to produce a
black hole with a macroscopic charge.
tion over the number of wrappings of the classical ‘tra-
jectory’ over the period, with the action in Eq. (5) be-
ing that for one period. Although it is trivial to perform
the summation of the geometric series for the sum over
the number of periods, within the saddle point method
it would be inconsistent to keep the terms with higher
exponential suppression. In any event, the corrections
from higher exponents are small inasmuch as the black
hole is semiclassical, i.e., GM2H  1.
The second point is that the formula in Eq. (4)
could be derived by applying the optical theorem to
the expression in Eq. (2). Indeed, in this approach one
could write the probability as the imaginary part of the
forward scattering amplitude, with a black hole in the
intermediate state:
(7)P( few→H)∼ ImA( few→H → few).
The latter amplitude can be evaluated from the path
integral, with the semiclassical trajectory containing
a black hole in the intermediate state. The imaginary
part is contributed by the configuration where the
black hole is “on shell”, i.e., it exists over an infinite
(Minkowski) time. Correspondingly, the action for
such black hole (with appropriate complex shifts of
the integration contour in t at the infinities) is exactly
the one calculated by Gibbons and Hawking [12].
However, a possible problem with application of
the optical theorem, and generally of unitarity, to
processes involving black holes is that the unitarity
itself is put into question [13] in such setting. On the
other hand, even if the unitarity condition requires a
modification in the presence of black holes, it would
be quite unlikely that the optical theorem is broken by
large exponential factors.
Finally, the third point to be discussed here is
the relation between the production of a large black
hole by a quantum state of ‘few’ initial particles and
the classical picture of collapse. The claims [10,11]
that the cross section for the process few → H has
essentially no suppression are based on simplistic
extrapolation of a classical collapse, in particular the
numerical simulations of a head-on collision [14], to
the case of few initial particles. The classical treatment
however completely misses an essential effect, namely
the initial state radiation, analogous to the the well
known behavior in QED and in QCD (described
by the DGLAP equations in the latter case). Unlike
those cases, the parameter, describing the radiation
140 M.B. Voloshin / Physics Letters B 518 (2001) 137–142
of gravitons is determined by GE2, which becomes
large at trans-Planckian energies E, where GE2  1,
resulting in a copious emission of gravitons, which
can be termed as catastrophic. The fragmentation
quenches, when the energy per particle ε is such
that the effective coupling Gε2 is reasonably small,
ε ∼ MPl, or less, and further fragmentation of the
energy is not catastrophic. More detailed estimates
of the trans-Planckian energy fragmentation will be
presented elsewhere. Here it can be mentioned that
the available phase space for the radiated gravitons
is sufficiently large for them to escape falling into
a “common black hole”. Within this picture, the
exponential factor in Eq. (6) can be viewed as a trans-
Planckian gravitational analog of the Sudakov form
factor, well known in QED and QCD. In other words,
the expression (6) describes the probability of the
initial particles to reach the collapse region of the size
rH without radiating gravitons. Clearly, the initial state
radiation is of relevance only to relativistic collisions.
For a non-relativistic matter the radiation of gravitons
is greatly suppressed, and the initial state radiation has
practically no effect on the collapse into a black hole.
3. Statistical approach
It has been also argued [10] that the reason for
the claimed large cross section “is connected with
the rapid growth of the density of black hole states
at large mass”. However, pursuing this argument
quantitatively, leads in fact to the same suppression
as in Eq. (6). Indeed, the “density” (number) of states
is determined by the entropy SH = 4πGM2H of the
black hole as N = exp(SH ). The total probability of
production of the black hole states (Eq.(2)) can then
be written as
P( few→H)=
∑
H
∣∣A( few→H)∣∣2
(8)∼N ∣∣A( few→H)∣∣2.
On the other hand, by the CPT symmetry the ampli-
tude A(few → H) is related [15] to the amplitude of
decay of each state of the black hole into the consid-
ered state of “few” (anti)particles: |A( few → H)|2 =
|A(H → few)|2. The probability of such decay can be
estimated from the black hole evaporation law with the
temperature TH = 1/(4πrh):
P(H → few)∼ ∣∣A(H → few)∣∣2
(9)∼ exp
(
−
∑
i
Ei
TH
)
= exp
(
− MH
TH
)
,
whereEi are the energies of individual particles. Thus,
using the CPT reciprocity, the probability in Eq. (8)
can be evaluated as
P( few→H)∼ exp
(
SH − MH
TH
)
(10)= exp(−4πGM2H ),
with exactly the same exponential suppression as in
Eq. (6). This agreement should come as no surprise,
since the expression in (10) contains the free energy
FH = MH − THSH , in agreement with the general
thermodynamic expression for the probability as being
given by exp(−F/T ), and since the Euclidean space
calculation of the action [12] is what gives precisely
F/T in a thermodynamic interpretation.
It should be noted, that the estimate (9) of the
decay probability from the evaporation of the black
hole is not entirely without a caveat. Namely, the
standard consideration of evaporation [16], leading
to the Gibbs factor exp(−Ei/T ) per each particle,
neglects the back reaction of the radiated particles
on the black hole. In the process of decay into few
particles the black hole disappears, and the effects of
back reaction should be quite important. One might
expect however, that these effects do not drastically
change the exponent, estimated from the evaporation
formula. Indeed, if the number of (“few”) particles
n is a large number n 1, the emission of each of
these particles does not significantly affect the mass of
the remaining black hole. Thus one might expect that
the back reaction gives corrections to pre-exponent
decreasing for large n. Extrapolating this behavior
down to small n and eventually down to n = 2 may
significantly change the pre-exponent in Eq. (9), but
the back reaction effects are unlikely to compete with
the large exponential factor. Certainly, the agreement
of the result from this estimate with that from the path
integral consideration can be argued as a reasoning for
such behavior.
The result in Eq. (10) can be formulated as a
quantitative assessment of the effect of “the rapid
growth of the density of black hole states at large
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mass” [10]. As can be seen, the entropy of the black
hole, as large as it is, is still not sufficient for the
number of statesN = exp(SH ) to overcome the Gibbs
factor exp(−MH/TH ). In other words, the free energy
FH =MH − THSH of the black hole is positive.
This relation between the entropy and the energy
for the black hole is in contrast with another familiar
thermal state, for which we generally have a better
physical intuition, namely that of a photon gas. For
photon gas in a box at temperature T the energy
is E = cT 4, with c being related to the volume V
through the Stefan–Boltzmann constant c = π2V/15.
The entropy of the gas is then found from the relation
T dS = dE as S = 4cT 3/3. Clearly in this case the
entropy exceeds the ratio E/T , so that the free energy
of the photon gas is negative: F =−cT 4/3.
The difference in the sign of the free energy can
help in understanding the difference in probability of
creating by few high energy initial particles a black
hole on one hand and a generic thermal state on the
other. As a simplified model of creating a thermal
state, one can consider a ‘gedanken’ experiment, 2
where a high energy particle is shot through a very
small hole into a large closed box, where its energy
thermalizes into a photon gas. Obviously, the “cross
section” in this situation is the geometric area of
the hole, i.e., the probability of creating a thermal
state is not exponentially suppressed. In a complete
agreement with this conclusion, the same arguments
as used in derivation of Eq. (10), would not predict a
suppression, since in this case the expression in the
exponent, −F/T , is positive. (Neither of course an
“exponential enhancement” would be possible due to
unitarity reasons.)
4. Concluding remarks
One can notice that the considered process few →
H is only a special case of a more general class of
processes, where additional particles are produced in
association with the black hole: few → H + ( few)′.
The described path integral reasoning, however, is
readily generalized to this case, and for a fixed mass
2 An experiment of this kind was suggested by a referee of this
Letter. I gratefully acknowledge this interesting suggestion.
MH results in the same exponential suppression as in
Eq. (6). If, on the other hand, the total energy of initial
particles is fixed and one is interested in the cross
section of production of black holes of any mass, it is
clear that the exponential factor favors production of
essentially quantum black holes with MH =O(MPl),
and some excess energy can be radiated away in the
form of gravitons and ordinary particles in the final
state. If those small quantum black holes retain at least
some nonperturbative features of the large classical
ones, such processes are undoubtedly of an immense
interest and may lead to qualitatively new phenomena,
e.g., to violation of global quantum numbers (baryon,
lepton, etc.) [2].
In the context of multi-dimensional models one can
readily generalize the suppression factor of Eq. (6)
to a multi-dimensional case, relevant for the models
with extra dimensions, using the Gibbons–Hawking
(Euclidean) action for a black hole in a D-dimensional
space–time [17]:
IE = 4πMHrH
(D − 2)(D− 3) =
4πMH
(D − 2)(D− 3)
(11)
×
[
8
(D − 2)π(D−3)/2$
(
D − 1
2
)
GDMH
]1/(D−3)
with GD being the D-dimensional Newton’s constant.
Thus in either number of dimensions the cross sec-
tion for production of large black holes with mass
MH MPl exhibits an exponential suppression: σ ∼
exp[−c(D)(MH/MPl)(D−2)/(D−3)], with c(D) being
a positive dimensionless constant, depending on the
number of dimensions D.
As a final remark I would like to emphasize one
more time, that the presented here two lines of rea-
soning (which however can be viewed as just two
matching interpretations of the Gibbons–Hawking re-
sult [12]), have lead to the conclusion that the produc-
tion of large black holes by few initial particles is ex-
ponentially suppressed by at least the factor given by
Eq. (6), or its multidimensional analog, described by
Eq. (11). By no means it would be justifiable to con-
clude, as claimed in the literature [10,11], that the pro-
duction cross section is given by the geometric area of
the horizon. The latter conclusion is based on apply-
ing the picture of classical collapse to an essentially
quantum initial state of few particles, which, as argued
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in Section 2, does not include the effects of the ini-
tial state radiation becoming catastrophic at GE2  1.
Thus attempts at describing classically the production
of large black holes by few initial particles as a col-
lapse of “tiny but energetic” lumps of classical field
appear to be of little relevance for a description of the
actual process.
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